A simple, but interesting, number game is sometimes used by school teachers to demonstrate the factorization of integers. The game starts with the number 6, which has the interesting property that it has two pairs of factors such that the sum of one pair equals the difference of the other, namely, 6 = 6 · 1, and 6 = 2 · 3, and 6 − 1 = 2 + 3. The teacher asks the students to find the next number with this property. After some time they come up with 24, since 12 − 2 = 4 + 6.
Once we have one sum-difference number, we can construct infinitely many more simply by multiplying by a square. Let n be a sum-difference number. Then n = x y = wz with x − y = w + z. Let k be a positive integer. Then nk 2 = (kx)(ky) = (kw)(kz), and kx − ky = kw + kz. Thus nk 2 is also a sum-difference number. For example, since 6 is a sum-difference number, 24, 54, and 96 are also sum-difference numbers. Since 30 is a sum-difference number, 120, 270, and 480 are also.
With the goal of characterizing all sum-difference numbers, let's look for necessary conditions. Suppose that n = x y = wz and x − y = w + z. Then x is the largest of the four integers, x, y, w, z. Let d = gcd(x, z) and e = gcd(w, y). Then x/d = w/e. Call this quantity a. Similarly set b = z/d = y/e. It is well known that a and b are relatively prime, and that x/z = w/y = a/b. Moreover, a > b. Multiplying equation (1) by b, and using these relations, we obtain az − by = ay + bz, or
Since gcd(a, b) = 1, it is a typical exercise to show that gcd(a + b, a − b) = 1 or 2. We consider these two cases in more detail.
Case 1. Suppose one of a or b is even and thus gcd(a
Case 2. Suppose next that a and b are both odd and thus gcd(a
Are these also sufficient? Choose a and b with a > b, (a, b) = 1, and one of them even. In this case let
Or choose two odd integers a and b with a > b, (a, b) = 1. In this case, take
Theorem. A positive integer n is a sum-difference number if and only if there exists a pair of relatively prime numbers a, b with a > b and a positive integer k such that either n
= k 2 ab(a 2 − b 2 ) (if one of a or b is even), or n = k 2 ab(a 2 − b 2 )/4
(if both a and b are odd).
It is an easy exercise to find the values of a, b and k for n = 6, n = 24, and n = 30. Note that a number n can have several factorizations as a sum-difference number, and furthermore, a single such factorization can arise from different choices of a, b, and k. An interesting project for students is to study what sets of relatively prime numbers produce the same sum-difference number, or even more, the same factorization as shown in the example above.
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Summary.
Starting with an interesting number game sometimes used by school teachers to demonstrate the factorization of integers, sum-difference numbers are defined. A positive integer n is a sum-difference number if there exist positive integers x, y, w, z such that n = xy = wz and x − y = w + z. This paper characterizes all sum-difference numbers and student exercises and projects are also suggested. The conventional method of demonstrating the power of Taylor polynomials is to increase the degree and show that the function is better approximated. Here to see, instead, how well Taylor polynomials of a fixed degree can approximate a function, we move the center point and superimpose the graphs on one plot. This makes for a lively, action-filled animation that draws students' attention and reinforces the concept. The animations (see [1] ) can be shown in class or incorporated into a laboratory module. We also show that for a nice class of functions, the graphs of the Taylor polynomials form a nested family and discuss how this can lead to a simple derivation of a bound on the remainder.
